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Abstract

Modern heat rejection systems, such as micro-heat sinks, are attractive because of their potential for high perfor-

mance at small size and low weight. However, the impact of microscale effects on heat transfer have to be considered

and quantitatively analyzed in order to gain physical insight and accurate Nusselt number data. The relative surface

roughness (SR) was selected as a key microscale parameter, represented by a porous medium layer (PML) model.

Assuming steady laminar fully developed liquid flow in microchannels and microtubes, the SR effects in terms of

PML thermal conductivity ratio and Darcy number on the dimemsionless temperature profile and Nusselt number were

analyzed. In summary, the PML characteristics, especially the SR-number and conductivity ratio km/kf, greatly affect

the heat transfer performance where the Nusselt number can be either higher or lower than the conventional value. The

PML influence is less pronounced in microtubes than in parallel-plate microchannels.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The compactness and high surface-to-volume ratio of

microscale fluid flow devices, such as micro-heat-sinks,

make them attractive alternatives to conventional sys-

tems. However, recent reviews of experimental and com-

putational studies of liquid flow in microchannels

pointed out that microscale effects, such as surface

roughness, are the cause for discrepancies between ob-

served and actual values of, say, the friction factor and
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convection heat transfer coefficient. For example, Koo

and Kleinstreuer [1] analyzed and classified experimental

observations of friction factors into three groups. They

suggested possible causes resulting in deviation from

the conventional, i.e., macroscale, observations, includ-

ing entrance effects, wall slip effects, surface roughness,

and viscous dissipation. The surface roughness (SR) ef-

fect, i.e., 1 6 SR 6 4% (see Table 1), appears to be dom-

inant, where the friction factor could either increase or

decrease depending on the SR characteristics [2]. Specif-

ically, Kleinstreuer and Koo [2] introduced a porous

medium layer (PML) model to investigate numerically

the effects of surface roughness on the friction factor

in microchannels. In more detail, Croce and D�Agaro
ed.
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Nomenclature

c specific heat [J/kg K]

c drag coefficient [–]

C constant [–]

d diameter [m]

D channel diameter [m]

Da Darcy number [–]

h heat transfer coefficient [W/m2K]

H channel height [m]

k thermal conductivity [W/m K]

Nu Nusselt number [–]

p pressure [N/m2]

PML Porous Medium Layer

Pr Prandtl number [–]

q heat flux [W/m2]

Re Reynolds number [–]

SR (relative) surface roughness [–]

T temperature [K]

U0 inlet velocity [m/s]

w interparticle potential [J]

x axial coordinate [m]

y transversal or radial coordinate [m]

Greek symbols

b slip coefficient [–]

j permeability [m2]

l dynamic viscosity [N s/m2]

q density [kg/m3]

/ volume fraction [–]

h dimensionless temperature [–]

Superscript

* dimensionless quantities

Subscripts

0 mean inlet value

c continuous phase

d discrete phase

f fluid

h hydraulic

int at interface

l liquid phase

m mass flux mean value for liquid phase

m mean value in PML

n normal component

s solid (wall) phase

s PML thickness

w wall (y = 0)

n y-coordinate of the interface between por-

ous medium layer and clear region

Table 1

Typical values of relative surface roughness (h/Dh · 100[%])

Author Relative surface

roughness [%]

Material

Pfhaler et al. [12] �1 Silicon

Peng et al. [13] �0.6�1 Silicon

Mala and Li [14] �3.5 Stainless steel/fused

silica

Papautsky et al. [15] �2 Silicon

Xu et al. [16,17] �1�1.7 Aluminum, silicon

2626 J. Koo, C. Kleinstreuer / International Journal of Heat and Mass Transfer 48 (2005) 2625–2634
[3] analyzed SR-effects on the friction factor and Nusselt

number for parallel plate channels and tubes with trian-

gular and rectangular surface roughness elements. They

observed vortex structures behind the roughness ele-

ments resulting in a friction factor increase for both con-

duits. However, while the Nusselt number increased for

parallel plates it decreased for thermal flow in tubes.

Overall, they observed that the Nusselt number is less

sensitive to surface roughness effects than the friction

factor is. Unfortunately, they did not include the effect

of thermal conductivity ratio between the roughness ele-

ments and bulk fluid, subject to only the constant wall

temperature condition. Furthermore, their roughness
elements were two dimensional (axi-symmetric), which

deviates from actual cases.

Sobhan and Garimella [4] reviewed published exper-

imental data on fluid flow and heat transfer in micro-

channels, and summarized that the possible causes of

the discrepancies in prediction could be entrance and

exit effects, differences in surface roughness in the differ-

ent microchannels investigated, non-uniformities in

channel dimensions, nature of the thermal and flow

boundary conditions, as well as uncertainties and errors

in instrumentation, measurement, and measurement

location. Morini [5] added electro-osmotic effects

(EDL) to the list of possible causes.

Kuznetsov and Xiong [6] stated that the Nusselt

number was a function of Darcy number, Forchheimer

number, Reynolds number, and interface position. Sub-

sequently, Kuznetsov [7] reported that during convec-

tion in a porous medium, there may be significant heat

transfer due to mixing of the interstitial fluid at the pore

scale in addition to the molecular diffusion of heat, an

effect called thermal dispersion.

In addition to surface roughness, wall-slip and possi-

ble two-phase effects in microchannels were discussed by

several researchers. For example, Tretheway and Main-

hart [8] observed a wall-slip velocity for water flow on
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hydrophobic walls, while Wu and Cheng [9] measured a

decrease of Nusselt number for flows in hydrophobic

channels and an increase in channels of high relative sur-

face roughness. Tyrrell and Attart [10] reported the exis-

tence of 20–30 (nm) thick air bubble gaps between wall

and bulk water using atomic force microscopy, and

Tretheway and Mainhart [11] calculated the necessary

air gap thickness to yield the velocity slip they observed.

As expected, the existence of an air gap will decrease the

heat transfer performance in channels.

Clearly, momentum and heat transfer in microchan-

nels are results of complex physical phenomena. In the

current study, the PML model employed by Kleinstreuer

and Koo [2] is expanded to investigate the surface

roughness effects on heat transfer phenomena for liquid

flow in hydrophilic conduits, i.e., microchannels and

microtubes.
2. Theory

The general governing equations for momentum and

energy transfer in conduits with PMLs read

q
D~u
Dt

¼ �rp þr � sij � fðRC þ RFj~ujÞ~ugPML ð1Þ

qcp
DT
Dt

¼ fr � ðkfrT Þgclear

þ r � km þ CkfPr
qfufdp

lf

� �
rT

� �� �
PML

ð2Þ

Assuming steady laminar fully developed viscous flow in

a parallel-plate microchannel with porous medium layer

(see Fig. 1), the governing equations can be presented as

� dp
dx

þ lf

d2uf
dy2

¼ 0; 0 6 y 6 n ð3Þ

� dp
dx

þ leff

d2uf
dy2

� lf

j
uf �

qfcF
j1=2

u2f ¼ 0 n 6 y 6 nþ s

ð4Þ
x

y

Tw

U0 Tm

PML

centerline

u(y*)T(y*)
ξ

s

H/2

Fig. 1. Schematics of the problem.
qfcfuf
oT
ox

¼ kf
o2T
oy2

; 0 6 y 6 n ð5Þ

qfcfuf
oT
ox

¼ o

oy
km þ CkfPr

qfufdp

lf

� �
oT
oy

� �
n 6 y 6 nþ s

ð6Þ
Eq. (3) is the momentum equation for the clear fluid

region while Eq. (4) holds for the porous region (i.e.,

the Brinkman–Forchheimer-extended Darcy equation).

Eqs. (5) and (6) are the energy equations for the clear

fluid and porous region, respectively. The energy equa-

tion for the porous region accounts for transverse ther-

mal dispersion, while longitudinal thermal dispersion is

neglected. This is consistent with the assumption of lon-

gitudinal conduction, kxo
2T/ox2 being negligible in com-

parison with kyo
2T/oy2.

The thermal dispersion term CkfPr
qf uf dp
lf

can be

rewritten as

CkfPr
qfufdp

lf

¼ CkfPrRep ¼ CkfPrReDh

uf
U 0

dp

Dh

ð7Þ

Eqs. (3)–(6) are subject to the following boundary

conditions:
ouf
oy

¼ 0 at y ¼ 0 ð8Þ

oT
oy

¼ 0 at y ¼ 0 ð9Þ

ujy¼n�0 ¼ ujy¼nþ0 at y ¼ n ð10Þ

leff

ouf
oy

����
y¼nþ0

� lf

ouf
oy

����
y¼n�0

¼ b
uf
j1=2

uf
���
y¼n

at y ¼ n

ð11Þ

T jy¼nþ0 ¼ T jy¼n�0 at y ¼ n ð12Þ

km þ CkfPr
qfufdp

lf

� �
oT
oy

����
y¼nþ0

¼ kf
oT
oy

����
y¼n�0

at y ¼ n

ð13Þ

uf ¼ 0 at y ¼ nþ s ð14Þ

km þ CkfPr
qfufdp

lf

� �
oT
oy

¼ q00 at y ¼ nþ s ð15Þ

For the mean (or effective) PML conductivity, Kuznet-

sov and Xiong [6] used the relation

km ¼ /kf þ ð1� /Þks ð16Þ

In the current study, b the slip coefficient was assumed

to be zero.

After non-dimensionalization, the governing equa-

tions read

u�Nu ¼ �4
d2h
dy�2

ð17Þ
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u�Nu ¼ �4
km
kf

� �
þ CPrRep

� �
d2h
dy�2

ð18Þ

where u* = uf/U0, Nu = h Æ 2H/kf, h = (Tm � T)/

(Tm � Tw), Pr = l/qa, and Rep = qfufdp/l. Here, U0 is

the mean velocity, h is the heat transfer coefficient, and

dp represents the equivalent hydraulic diameter of the

surface roughness elements. For a porous-medium free,

i.e., clear part of the microchannel

u�ðy�Þ ¼ ReDh

4

dp�

dx�
ðy� � n�2Þ þ u�int ð19Þ

where n* is the non-dimensionalized coordinate for the

open channel-porous medium layer interface, and u�int
is the flow velocity at the interface, which depends on

the iterative solution to the PML-flow problem.

The dispersion term was found to be negligible be-

cause the velocity in the surface roughness region is very

small, implying very low particle Reynolds numbers.

Referring to Kleinstreuer and Koo [2], typical values

of uf
U0

and
dp
Dh

are in the order of Oð10�1Þ and Oð10�2Þ,
respectively. Considering typical values of C, Pr and

ReDh
to be 0.1, 5 and 2000, respectively, the order of

magnitude of the thermal dispersion term is in the order

of kf, which can be usually neglected due to high ks/kf
ratios and hence high km/kf values. According to

Kuznetsov [7], the thermal dispersion effect is negligible

for Rep < 100. For the present case, RepÆmax = 1 and

hence the thermal dispersion effect will be neglected.

However, it becomes important for fluid flows of high

Prandtl numbers, such as oils (Pr � 1000).

For the clear region, Eq. (17) can be integrated with

the given parabolic velocity profile to:

h ¼ ReDh

4

dp�

dx�
1

12
y�4 � 1

2
y�2n�2 þ 5

12
n�4

� ��

þ 1

2
u�int y�2 � n�2

� 	�
Nuþ hint ð20Þ

The velocity profiles were obtained in the same way as

introduced in Kleinstreuer and Koo [2], and the Nusselt

numbers were iteratively obtained to meet the energy

balance at the interface. 300 elements were evenly dis-

tributed in the porous medium layer and 2000 elements

in the open region. The equations were solved using a

boundary-value-problem ordinary differential equation

solver routine that is provided in MATLAB 7.0.
3. Results and discussion

In order to gain a better understanding of convective

heat transfer in microchannels with measurable surface

roughness, SR � s/Dh, the dependence of the Nusselt

number on SR is established. By definition,

Nu ¼ hDh

kf
ð21aÞ
where

h ¼ q00

T w � Tm

¼ kmðdT=dyÞjwall
T w � Tm

ð21bÞ

For a given relative surface roughness, Eq. (21a) and

(21b) are combined into

Nu � km
kf

dh
dy�

����
wall

ð21cÞ

which can be rewritten for a given thermal conductivity

ratio in the form:

Nu � km
kf

dh
dy�

����
n�þ0

1

ReDh
f =6ð1� SR=2Þ3

ð21dÞ

Of interest are the effects of SR characteristics in terms

of the Darcy number, Da ¼ j
ðH=2Þ2 (or, Da ¼ j

R2 for tubes),

thermal conductivity ratio and Reynolds number on the

Nusselt number, considering first parallel plates (Section

3.1) and then tubes (Section 3.2).

3.1. Parallel plates

3.1.1. Effects of Darcy number and PML thermal

conductivity

The effect of PML thermal conductivity on the tem-

perature profile in a channel is shown in Fig. 2, where

h � Tm�T
Tm�Tw

. The higher the PML thermal conductivity

is, the lower is the centerline temperature to yield higher

Nusselt numbers. The temperature profiles in the PML

are affected by the thermal conductivity ratio more sig-

nificantly at relatively low values compared to those at

high ones. Fig. 3 illustrates the Darcy number effect on

the temperature profiles, which turned out to be

minimal. Clearly, the PML thermal conductivity affects

temperature profiles more strongly than the Darcy

number.

Fig. 4 shows the effects of PML Darcy number and

thermal conductivity on the Nusselt number for the case

of SR = 2% and ReDh
¼ 1000. As expected, the Nusselt

number increased with an increase in PML conductivity.

The Nusselt number showed deviations from the con-

ventional laminar flow result (Nu = 8.235) between

�4% and 9% depending on the PML characteristics.

Specifically, the Nusselt number is lower than the con-

ventional result, for low Darcy number and low thermal

conductivity conditions, and it increases with elevated

PML Darcy number and thermal conductivity values.

The Nusselt number change is observed to be sensitive

in the mid-range regime, i.e., Da = 10�3 to 10�4. Indeed,

there is a relationship between the Darcy number and

thermal conductivity, since the PML thermal conductiv-

ity depends on the void fraction which is directly related

to the Darcy number. For certain types of porous media,

the Kozeny–Carman equation could be used as the rela-

tion with void fraction, /, i.e., j ¼ d2/3

180ð1�/Þ2, although the
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Fig. 3. Darcy number effect on the temperature profiles between parallel plates (SR = 2%).
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surface roughness elements forming the PML are not ex-

actly homogeneous and isotropic. The Reynolds number

dependence is stronger in the mid-Darcy number range

compared to that in low- and high-Darcy number

ranges. The Nusselt number increases rapidly for low

PML thermal conductivities, and it increases slowly
under high thermal conductivity conditions. This indi-

cates that there exists a limiting Nusselt number when

increasing the PML thermal conductivity.

Judging from Figs. 3 and 4, the Darcy number influ-

ences convection more in the clear region than con-

duction in the surface roughness region for a given
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km/kf-ratio. Specifically, the temperature profiles in Fig.

3 do not change much with the Darcy number in con-

trast to the Nusselt number (see Fig. 4).

As indicated in Eq. (21c), the Nusselt number is a

function of the conductivity ratio and the temperature

gradient at the wall. In Fig. 2, it was shown that the tem-

perature gradient is greater for the lower conductivity

cases, and it decreases fast with the thermal conductivity

ratio; that explains the high rate of the Nusselt number

increase at low thermal conductivity ratios. The temper-

ature gradient at the wall increases with the Darcy num-

ber; thus, the Nusselt number increases with the Darcy

number as shown in Fig. 4.

3.1.2. Reynolds number effect

Conventionally, the Nusselt number for laminar flow

is independent of the Reynolds number. However, a

weak Reynolds number dependence is observed for

microchannels with PMLs, as shown in Fig. 5. Although

the Reynolds number dependence is stronger in the

Darcy number mid-range, overall its influence is usually

negligible for 1 6 SR 6 4%.
3.1.3. Effect of relative surface roughness

Fig. 6 shows the SR effect, i.e., thickness of the PML,

on the Nusselt number, where the Reynolds number is

1000 for all cases. The Nusselt number as a function

of km/kf varies only from 8.0927 to 8.5822 for

SR = 1%, while it changes from 7.6378 to 9.6486 for

SR = 4%. As the PML-thermal conductivity and surface

roughness increase, the Nusselt number quickly exceeds

the conventional value of 8.235. In more detail, for any
given SR value, the thermal conductivity ratio decreases

with the Darcy number for the cross-over point when

Nu P 8.235.

When inspecting Eq. (21d), it is evident that the con-

ductivity ratio and the temperature gradient have oppo-

site impacts, assuming a constant relative surface

roughness. In summary, the Nusselt number increases

with relative surface roughness and decreases with the

product of Reynolds number and friction factor.
3.2. Tubular flow

3.2.1. Effects of Darcy number and PML thermal

conductivity

Compared to the parallel plate cases, the Nusselt

number for tubes exceeds the conventional value of

4.365 at higher thermal conductivity ratios, as shown

in Fig. 7. Specifically, the thermal conductivity ratio

has to be increased by a factor of 10 to achieve the same

Nusselt number improvement at low Darcy numbers.

This could explain why most experimental Nusselt num-

ber data fall below the conventional value. For example,

Croce and D�Agaro [3] reported that that Nusselt num-

ber is less sensitive to the roughness height with respect

to the friction factor. Considering the friction factor

changes with surface roughness as reported by Koo

and Kleinstreuer [1] and the Nusselt number changes

now given in Fig. 7, the observation of Croce and

D�Agaro [3] can be confirmed. Furthermore, Croce

and D�Agaro [3] reported an increase in Nusselt number

for parallel plate flow and a decrease for tubular flow,

which is evident when comparing Figs. 4 and 7.
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3.2.2. Reynolds number effect

A small-influence of the Reynolds number on the

Nusselt number for flow in tubes (see Fig. 8) is very sim-

ilar to the parallel plate cases (see Section 3.1.2).

3.2.3. Effect of relative surface roughness

As it was observed for the parallel plate cases, the

Nusselt number changes in tubes are greater for the high

relative surface roughness cases, as shown in Fig. 9. The
PML thickness effect can be understood in the same way

as for the parallel plate cases. One minor difference is that

the Darcy number effect for SR = 1 and 2% on the Nus-

selt number is smaller for tubular flow. This is due to the

definition of the relative surface roughness (SR ¼ s
Dh
). In

this study, we adopted the hydraulic diameter as the sys-

tem length scale. The height of the surface roughness

layer in parallel-plate channels is twice thicker than that

in tubes resulting in a small difference in Nusselt number.
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3.3. Thermal dispersion effect

As mentioned in Section 1, Kuznetsov and Xiong [6]

and Kuznetsov [7] investigated the thermal dispersion ef-

fect and concluded that it is negligible for low Reynolds

number flows. However, they considered only low Pra-

ndtl number fluids, i.e., Pr = 0.25 and 0.7. Referring to

Eq. (17), the thermal dispersion effect is a function of both
Reynolds number and Prandtl number. Therefore, for

high Prandtl number (e.g., Proil � 1000) in a PML region

of low thermal conductivity ratio, the thermal dispersion

effect could become a very important part of the heat

transfer mechanism. Fortunately, thermal dispersion af-

fects the Nusselt number in the same way as the PML

thermal conductivity ratio. Hence, the effect could be sim-

ply absorbed in the thermal conductivity ratio term.
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4. Conclusions

The porous medium layer (PML) model introduced

by Kleinstreuer and Koo [2] was extended to analyze

the surface roughness effect on heat transfer in micro-

channels. The effects of the thermal conductivity ratio

between the surface roughness layer and bulk fluid, the

PML Darcy number, and relative surface roughness on

temperature profile and the Nusselt number have been

discussed. The new findings are summarized as follows:

• The Nusselt number can be either higher or lower

than the conventional value depending on the

actual surface roughness conditions, i.e., PML

characteristics.

• However, the surface roughness effect on heat trans-

fer is less significant than on momentum transfer.

• The most important parameter affecting heat transfer

performance for a given relative surface roughness is

the thermal conductivity ratio km/kf, i.e., between

PML and bulk fluid.

• The Nusselt number increases with the Darcy num-

ber, Da ¼ j
ðH=2Þ2 or

j
R2.

• The Reynolds number effect on the Nusselt number is

negligible compared to its effect on the friction factor.

Hence any Reynolds number dependence observed in

experimentally obtained Nusselt number correlations

has to originate from effects other than surface

roughness.

• Relative to the thermal parallel-plate cases, the Nus-

selt number for tubular flow is typically lower than

the conventional value.
• For high Prandtl number fluid flow in microchannels

with low PML thermal conductivity ratios, thermal

dispersion may greatly influence the heat transfer

mechanism.
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